Introduction
Definition 1.1. Let f be a function from S 2 = {(x, y, z) ∈ R 3 | x 2 + y 2 + z 2 = 1} to R. f is called 1-Lipschitz function if |f (x) − f (y)| ≤ d E (x, y) ∀x, y ∈ S 2 , where d E is the standard Euclidean metric on S 2 . In this paper, I define a family of new metrics on the Euclidean 2-sphere of radius r in which the distances between antipodal points are closer than in the standard Euclidean metric. Note that the distances between two points which are near antipodal should be changed, too to satisfy triangle inequalities of new metrics. Consider all possible isometric embeddings of any family of Euclidean 2-spheres with not necessarily different radii into B 3 = {(x, y, z) ∈ R 3 | x 2 +y 2 +z 2 ≤ 1} up to rotations. In this paper I restrict my interest on the isometric embeddings of Euclidean 2-spheres which cover B 3 and in which any two point in B 3 can be connected with finite number of embedded 2-spheres. Therefore I get a family of path connected metrics on B 3 in cannonical way. I change metrics of embedded 2-sphere from the standard Euclidean metric to the new metrics which I already defined above in arbitrary way. Therefore I get a family of pseudo metrics on B 3 in cannonical way. Although I study on these pseudo metrics on B 3 in this paper, they can be cannonically generalized to a bigger family of pseudo metrics on B 3 . I define the bigger family of pseudo metrics and the quantum structure in the last section for futher study.
Every pseudo metric space cannonically defines an associated metric space. If the associated metric space of an above pseudo metric space is locally R 3 , then it is a connected 3-manifold. I study elementary properties of the associated metric space with the definition of piecewise dense isometric embeddings. As examples, I construct two well known spaces. As an application of this theory, I prove a theorem from which we know that there is no countable to one 1-Lipschitz function from S 2 to [0, 1] . This possibly implies that there is strong connection between topology and naked function theory.
This research was motivated by the following three difficult questions in mathematics and physics.
Poincaré conjecture [1] . A compact, connected 3-manifold M is topologically S 3 if it is simply connected.
Albert Einstein [3] . How much choice did God have in constructing the universe?
Stephen Hawking [3] . The discovery that the universe is expanding was one of the great intellctual revolutions of the twentieth century.
The last one is not a question, but why the recession velocity is directly proportional to the distance [7] is a not easy question. In other words, why the Hubble constant exists is a difficult question. Especially, 2.1 is motivated by the Hubble constant.
The metrics
, where 0 ≤ α < π/4. Let d E be the standard Euclidean metric on S 2 r . Let P, Q ∈ S 2 r . Let −P be the antipodal point of P in
Remark 2.2. In 2.1, sin α is a decreasing function of s.
Remark 2.4. In 2.1,
Proof.
Since 0 ≤ α < π/4, we have
Fact [8] 2.8. Let Σ be the 2-sphere of radius r. Let p, q ∈ Σ. If we define ρ(p, q) = rθ, where θ is the angle from p to q, then ρ is a metric.
Lemma 2.9. Let P, Q, R, S ∈ S 2 r . Let α is the angle in 2.
Proof. From 2.8 and P OQ + ROS > 2α, we can find three points X, Y, Z ∈ S 2 r such that XOY = P OQ, Y OZ = ROS, ZOX = 2α because we can move an arc from one place to any other place on S 2 r by moving its midpoint through great circles and rotating the arc with respect to its midpoint. From 2.7, we have
r because (2.1) and (2.2) cannot be negative.
(iii) To prove triangle inequality let P, Q, R ∈ S 2 r (1) If P OQ, QOR and ROP are all not greater than π − 2α then d s K (P, Q), d s K (Q, R), and d s K (R, P ) satisfy the triangle inequalty because they are all Euclidean distances.
(2) Suppose that only one angle, say P OQ, is greater than π − 2α. Note that (−P )OQ = π − P OQ < 2α. From 2.7,
From 2.8, we have (−P )OQ + QOR + ROP ≥ (−P )OP = π. Therefore from the hypothesis QOR, ROP ≤ π−2α, we have (−P )OQ+ ROP ≥ 2α and (−P )OQ + QOR ≥ 2α. By 2.9, we have
From (2.4), (2.5) and 2.7
Proof. By 2.11, the identity map from (S 2
3. A family of pseudo metrics on B 3 and their associated metric spaces
Let Ω E is the set of E(Λ) satisfying the following con- For each E(Λ) ∈ Ω E , choose any function s : Λ → (0, 1], and give the metric d
Therefore we have d
Let (X, d) be a pseudo-metric space, let D be the family of all sets {x} − for x in X, and for members A and B of D let D(A, B) = dist(A, B). Then (D,D) is a metric space whose topology is the quotient topology for D, and the projection of X onto D is an isometry.
x ∈ a and y ∈ B}. 
is completely determined by Λ, the metric is completely detemined by Λ and the function s.
∈ Ω E and piecewise dense.
Note that t ≤ t 1 ≤ r. Therefore (R, t) ∈ ∆ r ⊂ Λ for all R ∈ P Q and for all t ≤ t 1 . Choose P 1 ∈ P Q such that d E (P, P 1 ) = t 1 . Let X 1 be the point on P Q such that d E (P, X 1 ) = 2t 1 . Note that P and X 1 are antipodal points of ǫ (P 1 ,t) (S 2 t , d E ). If X 1 = Q, we are done. If X 1 = Q, repeat the same procedure until we get X 1 , · · · , X n−1 ∈ P Q and (
(2) Suppose that P ∈ ∂B 3 and Q ∈ B 3 \ ∂B 3 . Let t 3 = min{r,
If X 1 = Q we are done. If X 1 = Q, apply (1) for the two points X 1 and Q.
(3) Suppose that P, Q ∈ ∂B 3 . Let t 4 = min{r, (2) for the two points X 1 and Q.
(4) From above proof, it is clear that E(Λ) ∈ Ω E . Figure 3 Proposition 3.16. Let E(Λ) ∈ Ω E and let s :
is piecewise dense and s is bounded below by s 0 > 0 then
Proof. (i) Let P, Q ∈ B 3 . If P = Q then it is trivial. Let P = Q. Choose [X, λ, n] ∈ Γ P,Q such that for all 0 ≤ i ≤ n − 1, X i is on the Euclidean segment P Q and d E (P, (ii) If s is bounded below by s 0 > 0 then the map which send P to P from 
(i) It is clear from (3.4) and 3.11.
(ii) By (3.5), P = {P } for all P ∈ B 3 . Therefore the map is well defined. The map is continuous because of (3.5) and 3.11.
(iii) By (3.5), P = {P } for all P ∈ B 3 . Therefore d
It is clear from (iii) of 3.16 that the identity map from (
is compact because it is continuous image of (B 3 , d E ) which is compact. Proposition A.1. Let P, Q ∈ B 3 and P = Q. d
Examples
Λ,s K (P, Q) = 0 if and only if Q = −P ∈ ∂B 3 where −P is the antipodal point of P ∈ ∂B 3 .
Proof. Let P ∈ ∂B 3 and n ≥ 2. Let X 1 be the point on OP such that
Since lim n→∞ 4n−2
(1) Suppose that P or Q is not in F(We may assume that P is not in
Proof. From A.1, P = {P, −P } if P ∈ ∂B 3 and P = {P } otherwise.
We can show that h is well defined, one to one and h(W ) is open in R 3 and h is a homeomorphism between (W , D
is not homeomorphic to S 3 because the projective plane P 2 cannot be imbedded in R 3 (See [9] ) and therefore cannot be imbedded in S 3 .
Note that by 3.15, E(Λ) is piecewise dense and by 3.18, ( Figure 5 Proposition B.1.
, d E ), and let
(i) Suppose that P or Q are not in F. We may assume that P is not in
Note that X j−1 and X j are antipodal points of ǫ ((0,0,
By B.1, P = {P } for all P ∈ B 3 .
Proposition B.2. Let P ∈ B 3 and P = O.
There exists an open ball centered at P in (B 3 , d
Proof. Let F and F n are same as in the proof of B.1.
(ii) If P ∈ ǫ ((0,0,
Choose smallest j such that X j / ∈ A k+1 . Therefore from 2.11, 
Note that there is no s 0 > 0 such that s is bounded below by s 0 . Hence the converse of (iii) in 3.17 is not true.
Application
If a function has no regularities such as continuity and differentiability then the only remaining structure is the cardinalities of its preimages. Using the theory of this paper we can prove a theorem which implies strong connection between topology and naked function theory(i.e the cardinality of preimage). Let S 2 = {(x, y, z) ∈ R 3 | x 2 + y 2 + z 2 = 1}.
Let A = S 2 \ C and let P, Q ∈ A. There are uncountable straight lines which contain P in A and there are uncountable straight lines which contain Q in A.
We can choose nonparallel two lines to find a path from P to Q. 
for every (x, y) ∈ S 1 × S 1 because of the triangle inequality of the standard Euclidean metric on S 1 . Note that f −1 (t) has at most two elements for all t and N L 
for every (x, y) ∈ S 2 ×S 2 because of the triangle inequality of the standard Euclidean metric on S 2 . Note that f −1 (t) is uncountable for all 0 < t < 1 and N L 2 f = ∅.
Proof. Choose n ∈ N such that n > a. Define a function g by
Note that g −1 (t) is countable for all t because g −1 (t) = f −1 (nt). Therefore by 5.3 , N L g is uncountable. Therefore from (5.1), N L f is uncountable. Proof. It is clear from 5.3.
Proof of 5.3
Let f : S 2 → [0, 1] be a function. Suppose that f is defined on ∂B 3 . Throughout this section I use the following definition to prove 5.3. Note that the function s is bounded below by . Therefore by 6.6, there exists y ∈ ∂B 3 such that ((O, X 1 = y, X 2 , · · · , definition 7.1. Let E(Λ) ∈ Ω E . Let s, ν : Λ → (0, 1] be functions. Let P, Q ∈ B 3 . Γ P,Q = {((X 0 , X 1 , · · · , X n ), (λ(1), · · · , λ(n))) ∈ ((B 3 ) n+1 , Λ n ) | X 0 = P, X n = Q, {X i−1 , X i } ⊂ ǫ λ(i) (S 2 r(λ(i)) , d E ), ∀i, ∃n ∈ N} Let [X, λ, n] be the simplified notation for ((X 0 , X 1 , · · · , X n ), (λ(1), · · · , λ(n)). Define Question. Is there a quantum structure of (B 3 /K, D Λ,s,ν K ) which is compact and simply connected which is not homeomorphic to S 3 ?
